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X is the coordinate  normal  to the wave front;  P0 is the 
densi ty of the medium;  p is the densi ty of the par t i c le ;  

C o is the speed of sound in the medium; C is the speed 
of sound in the par t ic le ;  :~ is the par t i c le  ve loci ty ;  X is 
the par t ic le  acce le ra t ion ;  t is the t ime;  and 77 is the 
liquid v i scos i ty .  
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An equation is presented for the growth of a stationary spherical gas 
bubble in a finite spherical liquid volume, for which the familiar 
Rayleigh equation is the zero-order approximation. The results of 
computer solutions of the derived equation and the Rayleigh equation 
are compared. 

In [1] Rayleigh der ived  an equation for the growth 
of a s ta t ionary spher ica l  gas bubble in an infinite 
volume of liquid. Thus, f rom the equations of hydro-  
dynamics and continuity in a spher ica l  coordinate  sys -  

tem 

p - ~ - + v  -~r 0r ' 

Ov ~_ 2v = 0  
Or r 

with boundary condition V[r= R = l~(t), where,  as usual,  
- dx/dt ,  one obtains 

~R ~ + 2R]~ 2R4 t~2 1 OP 
r ~ r 5 p Or " ( 1 )  

Then Rayleigh,  in tegrat ing (1) f rom r = R to r = 0% 
obtained his f ami l i a r  equation 

RR -b 3 R ~ _  1 (PR --P| (2) 
2 p 

Equation (2) has been used by many authors (for ex-  
ample,  [2-5])  in connection with p rob lems  involving 
the growth of a bubble in a liquid. However,  the f in i t e -  
ness  of the liquid volume has not been taken into ac-  
count. 

To es t imate  the effect  of this fac tor  on the bubble 
growth and to compare  with the Rayleigh solution, we 

f2 

O 

Z~2 
i I ! t I I i 

5.fO )Oz g.;Oz S-tOzfO "~ ogO.3s /.0 "~ 
l l I l l l t t | 

23.2 ~ ' 2  62./83..2 /22/a3 2/02~Y20~,~ ~.#~ 
Deviat ion of the solutions for RQ in Eqs. (4) 
with Q = var  f rom the solution Roo o f t h e R a y -  
leigh equation (for Q = oo). Plotted along the 
axis of absc i s sas ,  to a logar i thmic  scale ,  are  
the t ime t (sec) and the cor responding  radius  
Roo (. 103, cm); along the ordinate  axis,  to a 
var iab le  scale ,  we have the deviat ion in % of 
Roo f rom RQ for  the cor responding  t. 5 = 

= (RQ - R~) �9 10O/RQ. 

formulate the simple following problemi at time t = 0 
a spherical gas bubble of radius R 0 is formed and be-  
gins to grow at the center of a spherical volume Q of 
liquid with infinite permeabili ty at the boundary, the 
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growth of the bubble being accompanied by an inc rease  
in the ex te rna l  radius  of the liquid sphere.  For  s i m -  
plicity,  the p r e s s u r e  at the external  boundary of the 
liquid is assumed constant  and equal to zero: Poo = 0. 

Then, in tegrat ing (1) f rom r = R to r = (3Q/4~ + 
+ R3) 1/3, we have 

3 . )~R~ + 2R,R2 R-R + - -  R ~ 

R ~/~ PR - (3) 
+ ( 3__~_Q +R~)4/3 P 

Thus, the Rayleigh equation is the zero-order approxi- 
mation (Q = co) of Eq. (3). 

Retaining terms with Q to the power -1 /3  in the 
Taylor expansions of the denominators in Eq. (3), we 
obtain the equation for the first approximation 

I 4:~ / 

{ 3Q )-ua 3 /~. P .  (4) --2\ 4 .  ] R / ~ ' + ~ -  = - - ~ .  

This equation was solved on a M-20 computer for a 
simple law of variation in PR 

PR = Po 

We assumed p = 1 g/cm 3, Ro = 10 -3 era, and Po = 2 �9 
�9 104 N/m 2. A solution was obtained for Q = co (Ray- 
leigh equation (2)) and for Q from 104 to 0.5 cm 3 (for 
Eq. (4)). * 

*A calculat ion was also per formed  with the given 
values  of p, R 0, P0 and P~ = 0 for the second-o rde r  
approximation,  r e t a in ing  t e rms  with Q to the power 
- 4 / 3  in the Taylor  expansion of the denomina tors .  The 
re su l t s  were in complete ag reement  with the ca lcu la -  
t ions for the f i r s t - o r d e r  approximation,  which con-  
f i rms  the poss ib i l i ty  of stopping at the f i r s t  approxi-  
mat ion  in this pa r t i cu la r  example.  

The re su l t s  of the calculat ions  are presented  in the 
f igure;  f rom these one can es t imate  the e r r o r  given 
by the Rayleigh solution as compared with the solution 
of Eq. (4), which is more  accura te  for a finite volume 
of liquid. 

The form of the curves should r e m a i n  qual i tat ively 
the same for a slowly r i s i ng  spher ica l  bubble in a 
heated liquid (for example,  in the ini t ia l  stage of bubble 
growth dur ing boiling), s ince the hydrodynamic t e rms  
in the equation of dynamic equi l ibr ium for such a bubble 
play a p a r t  which is smal l  as compared with the t e rms  
respons ib le  for the surface tens ion and rate  of evapora-  
tion of l iquid inside the bubble [5]. Hence c r i t e r i a  can 
be der ived for the poss ibi l i ty  of neglect ing the effect 
of the walls and other bubbles on the growth of a given 
bubble in boil ing studies and also to de te rmine  the 
mi n i mum vesse l  d imens ions  ne c e s sa r y  for the exper i -  
men ta l  invest igat ion of bubble growth in a liquids 

NOTATION 

R is the radius  of a gas bubble; PR and P~ are the 
p r e s s u r e  at the inner  and outer boundar ies  of the 
liquid, respec t ive ly ;  Q is the volume of liquid, cm3; 
P0 is the ini t ia l  p r e s s u r e  in the gas bubble, N/m2; 
v(r,  t) is the velocity field in liquid; p is the densi ty  
of the liquid. 
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